Abstract In this paper, we show a weighted Hardy inequality in a limiting case for functions in weighted Sobolev spaces with respect to an invariant measure. We also prove that the constant in the left-hand side of the inequality is optimal. As applications, we establish the existence and nonexistence of positive exponentially bounded weak solutions to a parabolic problem involving the Ornstein-Uhlenbeck operator perturbed by a critical singular potential in two dimensional case, according to the size of the coefficient of the critical potential. These results can be considered as counterparts in the limiting case of results which established in [8] [10] in the non-critical cases, and are also considered as extensions of a result in [4] to the Kolmogorov operator case perturbed by a critical singular potential.
Introduction
Let Ω be a domain in R N with 0 ∈ Ω, N ≥ 1, 1 < p < ∞, A be a real N × N-symmetric positive semi-definite matrix, and dµ A = ρ A (x)dx with ρ A (x) = c · exp
Here c > 0 is chosen so that R N dµ A = 1. More generally, we consider a Borel probability measure dµ = ρ(x)dx defined on Ω ⊆ R N , and let W 1,p µ,0 (Ω) denote a weighted Sobolev space which is a completion of C ∞ c (Ω) with respect to the (semi-) norm ∇ · L p (Ω;dµ) .
In this paper, we concern the limiting case p = N ≥ 2. Let Ω ⊂ R N be a bounded domain containing the origin, R = sup x∈Ω |x| < ∞ and a ≥ 1. Let p = N ≥ 2 in (1). In this paper, first we show the following weighted critical Hardy inequality
holds for all u in W 1,N µ A ,0 (Ω). We also prove that the constant
in the left-hand side is optimal when A is positive definite. For a general weight function ρ = ρ(x) satisfying some assumptions, we also prove a weighted critical Hardy inequality (with non-optimal constant) on two-dimensional domain.
The limiting case is left to be considered in [8] and [10] . Actually in [10] , the authors prove a (non-critical) weighted Hardy inequality 
for functions u in W 1,p µ A ,0 (Ω) when 1 < p < N, N ≥ 2, and u in W 1,p µ A ,0 (Ω \ {0}) when p > N ≥ 1, where µ A is defined in (1) . The inequality (3) was first established in [8] when p = 2 and N ≥ 3.
Next, by using the optimality of the critical Hardy constant for ρ A with p = N, we study the existence and nonexistence of positive weak solutions of a parabolic equation driven by the symmetric Ornstein-Uhlenbeck operator perturbed by a singular potential in dimension N = 2. This part can be considered as an extension of [8] to the two dimensional critical case. Indeed, by using the weighted Hardy inequality (3) for µ A with p = 2 and N ≥ 3, and a result similar to the one in [4] which is applicable to the Kolmogorov operator
with respect to a positive Borel probability measure dµ = ρdx, the authors in [8] prove the following result. 
which is known as the symmetric Ornstein-Uhlenbeck operator. This type of operator arises from many areas of mathematics, such as probability, mathematical physics, and mathematical finance. Later, Theorem 1 was generalized by Hauer-Rhandi [10] to the case p 2 and Ω = (0, ∞) ⊂ R (N = 1) and Goldstein-Hauer-Rhandi [9] for the general case. See also [7] . For the classical case L = ∆, the study of existence and nonexistence of positive solutions to the heat equation with a singular potential was initiated by Baras-Goldstein [3] and now enjoys various extensions, see [2] , [5] , [6] , [11] , [12] , and the references therein.
In this paper, we prove the corresponding result for the parabolic problem driven by the symmetric Ornstein-Uhlenbeck operator perturbed by a singular critical potential of the form V(x) = c |x| 2 (log aR |x| ) 2 on two dimensional bounded domains with the Dirichlet boundary conditions.
At the end of this section, we fix several notations: Let B k (R) be the k-dimensional ball centered at the origin with radius R in R k . B N (R) will be denoted by B(R). 2 A weighted critical Hardy inequality : p = N In this section, we prove several weighted Hardy type inequalities for functions in the critical weighted Sobolev space. Next theorem is a generalization of a result in [10] to the critical case. Critical Hardy type inequalities with sharp (a = 1) and non-sharp (a > 1) weight when dµ is the Lebesgue measure have been studied by many authors recently, see for example, [1] , [13] , [16] , [17] , [18] , [19] and the references therein, and the sharp critical Hardy inequality was proved originally by Leray in his thesis in 1933 [14] when N = 2. Proof of Theorem 2. By density, it is enough to show that the inequality (4) holds for all u ∈ C 1 c (Ω). We fix λ ≥ 0 and β > 0, which will be chosen later. Set
Here ρ A is defined in (1) with p = N. Then we easily check that
By applying integration by parts and Young's inequality, we have
Here note that the left-hand side of the first equality is well-defined because the following properties hold true by the assumption of A:
Now, if we choose β = N − 1, then we obtain
Furthermore, if we choose λ = N and take anyλ ≥ 0. Set
where γ <
And also we obtain
where
|∇ϕ γ,ε | N dx. Note that the remainder term R(γ, ε) can be estimated as follows:
log aR |x|
By applying the mean value theorem for the function
In the same way as above, we also obtain
From (6), (7), and (8), we have
From the estimates (5) and (9), if we have chosen ε > 0 independent of γ so small such that λexp
we observe that
for γ close to 
In the case N = 2, we can obtain the critical Hardy type inequality (with nonoptimal constant) for the general weight function ρ = ρ(x) satisfying the following conditions:
Proposition 1 Let Ω be a bounded domain in R 2 containing the origin, R = sup x∈Ω |x| and a ≥ 1. Let dµ = ρ(x)dx and assume (H1) and (H2) are satisfied. Then for any δ > 0, there exists C δ > 0 such that the inequality
holds for all φ ∈ W 1,2
Proof of Proposition 1. The proof goes along the same way as in [8] . Again we may
Therefore we have
By applying the same argument as the proof of Proposition 3.1. in [8] with (H2), we obtain
for each η > 0, ε ∈ (0, , which goes to 4 from above as ε → 0. Therefore, from (11) and (12), we get (10) .
⊓ ⊔
Existence and nonexistence of positive solution
In this section, we consider the following two dimensional Kolmogorov equation perturbed by a singular potential
and L is the Kolmogorov operator given by
Of course if Ω = R 2 , we do not impose the Dirichlet boundary conditions. Especially, if ρ(x) = ρ A (x) = c exp − 1 2 (x t Ax) and A is a positive definite real 2 × 2-symmetric matrix, then L = L A is the symmetric Ornstein-Uhlenbeck operator L A u = ∆u−Ax·∇u. We define the bottom of the spectrum of −(L + V) to be
We put the following definition.
Definition 1
We say that u is a weak solution to (K V ) if for each T > 0 and any 
Let Ω be a smooth bounded domain in R 2 , 0 ∈ Ω, and R = sup x∈Ω |x|. In this case, as in [4] and [8] , we can obtain the existence and nonexistence result of solutions to (K V ) as follows. Since the way of the proof is almost the same as [4] and [8] , we give here the outline of the proof only.
Theorem 3 Assume that
Then the following assertions hold:
for some constants M ≥ 1 and ω ∈ R.
(
, there is no positive weak solution of (K V ) satisfying (13) . 
Since V n and u 0,n are bounded and nonnegative and the drift term ∇ρ ρ is also bounded, (K V n ) admits a unique positive classical solution u n , see e.g. Proposition C.3.2. in [15] . Furthermore 0 < u n (x, t) ≤ u n+1 (x, t) for n ∈ N holds on Ω × (0, ∞), see e.g. Proposition C.2.3. in [15] . If we multiply (K V n ) by u n and integrate by parts, we obtain the following in the same way as [8] :
By the monotone convergence theorem, we observe that u n (t) converges to u(t) in L 2 (Ω; dµ) uniformly for t ∈ [0, T ]. Since u n is a weak solution of (K V n ), it follows that u is a weak solution of (K V ). The estimate (13) follows from (14) and it holds with M = 1.
(ii) Assume λ 1 (L + V) = −∞ and assume that there exists a positive solution u of (K V ) with initial data 0 ≤ u 0 ∈ L 2 (Ω; dµ) \ {0} satisfying (13) . We shall derive a contradiction. Fix φ ∈ C ∞ c (Ω) with Ω φ 2 dx = 1. Let u n be the unique solution of (K V n ) and v n be the unique solution of
We observe that
It is known that there exists a unique positive function
see e.g. Proposition C.3.2. in [15] . Since there exists a ball B r such that u 0,1 (x) > 0 for x ∈ B r , we observe that for a.e. x ∈ suppφ,
Thus by (15), we have u n (x, t) ≥ c r (t; u 0,1 ) > 0. If we multiply (K V n ) by φ 2 u n and integrate by parts, then for every t > 1 we obtain
By integrating from t = 1 to t = t, we have
for t > 1 and any n ∈ N, see [8] . Since there exists a minimal solutionũ(t) := lim n→∞ u n (t) by (15) and the monotone convergence theorem, we obtain
in the same way as [8] . This contradicts the assumption λ 1 (L + V) = −∞. Therefore there is no positive weak solution of (K V ) satisfying (13) . ⊓ ⊔ As a consequence of Theorem 3 and Remark 1, we obtain the main result. 
for some constants M ≥ 1, ω ∈ R, and any
, there is no positive weak solution of (16) 
for some constants M ≥ 1, ω ∈ R, and any 0 ≤ u 0 ∈ L 2 (Ω; dµ).
Weighted Hardy inequality on the half space
In this section, we obtain a weighted L p -Hardy inequality on the half space R
Though the obtained inequality does not have any concrete application in this paper, we hope it may be also useful to the study of the corresponding parabolic problems. 
where c is chosen so that
Proof of Theorem 5. It is enough to show that the inequality (19) holds for all u ∈ C 1 c (R N + ). We fix λ ≥ 0 which will be chosen later. Set
Then we compute that
which yields that
If we choose λ = 
for some absolute value C > 0. In the same way as above, we also obtain 
